Introduction {#Sec1}
============

The multilinear singular integral operator theory plays an important role in the singular integral operator theory of harmonic analysis. On the one hand, many researchers have put plenty time and energy into this topic. Kenig and Stein did many works on the multilinear fractional integral operator in \[[@CR1]\]. Grafakos and Torres established the multilinear Calderón-Zygmund theory in \[[@CR2]\]. The boundedness of multilinear Calderón-Zygmund operators with kernel of Dini's type was studied by Lu and Zhang in \[[@CR3]\].

On the other hand, more and more researchers have been interested in multilinear commutators. The multilinear commutator was given by Pérez and Trujillo-González in \[[@CR4]\]. The weighted estimate for multilinear iterated commutators of multilinear fractional integrals was studied by Si and Lu in \[[@CR5]\].

Some useful conclusions of multilinear singular integral operators with generalized kernels were given by Lin and Xiao in \[[@CR6]\]. With more weaker conditions for the kernel, they got the conclusion on sharp maximal estimates of the multilinear singular integral operators and their multilinear commutators with $\documentclass[12pt]{minimal}
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                \begin{document}$BMO$\end{document}$ functions on the product of weighted Lebesgue spaces and the product of variable exponent Lebesgue spaces was acquired in \[[@CR6]\] as well.

Pérez, Pradolini, Torres and Trujillo-González studied the multilinear iterated commutators of multilinear singular integrals with Calderón-Zygmund kernels in \[[@CR7]\]. They first established the sharp maximal estimates, then the end-point estimates were acquired.

Based on these studies above, we will focus on the multilinear iterated commutators of multilinear singular integrals with generalized kernels in this paper. And we will consequently establish three theorems as conclusions in Section [2](#Sec2){ref-type="sec"}. First, the sharp maximal estimates of multilinear iterated commutators generated by $\documentclass[12pt]{minimal}
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                \begin{document}$BMO$\end{document}$ functions and multilinear singular integral operators with generalized kernels will be established in Theorem [2.1](#FPar8){ref-type="sec"}. Then, the boundedness of this kind of multilinear iterated commutators on the product of weighted Lebesgue spaces and the product of variable exponent Lebesgue spaces will be put forward by Theorems [2.2](#FPar9){ref-type="sec"} and [2.3](#FPar10){ref-type="sec"}, respectively. In addition there are some necessary lemmas in Section [3](#Sec3){ref-type="sec"}. The proof of the main results will be given in Section [4](#Sec4){ref-type="sec"}.

Let us recall some necessary definitions and notations firstly before starting our main results.

Definition 1.1 {#FPar1}
--------------

(\[[@CR6]\])
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If the kernel *K* satisfies the following two conditions: For some $\documentclass[12pt]{minimal}
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If the kernel *K* satisfies condition ([1](#Equ1){ref-type=""}) and the following condition: $$\documentclass[12pt]{minimal}
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It is obvious that condition ([4](#Equ4){ref-type=""}) becomes condition ([3](#Equ3){ref-type=""}) when $\documentclass[12pt]{minimal}
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                \begin{document}$1< q<\infty $\end{document}$. Therefore, the standard *m*-linear Calderón-Zygmund kernel is a special case of the *m*-linear Calderón-Zygmund kernel of type *κ*. And the multilinear singular integral with the kernel of type *κ* can be taken as a special situation of the multilinear singular integral operator with generalized kernel defined in Definition [1.1](#FPar1){ref-type="sec"}. These facts illustrate that our results obtained in this paper will improve most of the earlier conclusions by weakening the conditions of the kernel.

Definition 1.2 {#FPar2}
--------------

Let *T* be an *m*-linear singular integral operator with generalized kernel, $\documentclass[12pt]{minimal}
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If *T* is connected in the usual way to the kernel *K* studied in this paper, then we can write $$\documentclass[12pt]{minimal}
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Let *T* be an *m*-linear singular integral operator with generalized kernel, $\documentclass[12pt]{minimal}
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Definition 1.5 {#FPar5}
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Definition 1.6 {#FPar6}
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Main results {#Sec2}
============

In this part, we will give the main results in this paper.

Theorem 2.1 {#FPar8}
-----------
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Theorem 2.2 {#FPar9}
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Theorem 2.3 {#FPar10}
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Preliminaries {#Sec3}
=============

Next, we give some requisite lemmas.

Lemma 3.1 {#FPar11}
---------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p< q<\infty $\end{document}$, *then there exists a constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C=C_{p,q}>0$\end{document}$ *such that for any measurable function* *f*, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\vert Q\vert ^{-1/p} \Vert f\Vert _{L^{p}(Q)} \leq C \vert Q\vert ^{-1/q} \Vert f\Vert _{L^{q,\infty }(Q)} . $$\end{document}$$

Lemma 3.2 {#FPar12}
---------

(\[[@CR11]\])

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f \in BMO(\mathbf{R}^{n})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p<\infty $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r_{1}>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r_{2}>0$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in \mathbf{R}^{n} $\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\biggl( \frac{1}{\vert B(x,r_{1})\vert } \int_{B(x,r_{1})} \bigl\vert f(y)-f_{B(x,r_{2})}\bigr\vert ^{p}\,dy \biggr) ^{1/p} \leq C \biggl( 1+ \biggl\vert \ln \frac{r_{1}}{r_{2}}\biggr\vert \biggr) \Vert f\Vert _{BMO}, $$\end{document}$$ *where* *C* *is a positive constant independent of* *f*, *x*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r_{1}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r_{2}$\end{document}$.

Lemma 3.3 {#FPar13}
---------

(\[[@CR10], [@CR12]\])

*Suppose* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p,\delta < \infty $\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w\in A_{\infty }$\end{document}$. *There is a positive constant* *C* *depending on the* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{\infty }$\end{document}$ *constant of* *w* *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{\mathbf{R}^{n}}\bigl[ M_{\delta }(f) (x)\bigr]^{p}w(x)\,dx \leq C \int_{\mathbf{R}^{n}} \bigl[ M^{\sharp }_{\delta }(f) (x) \bigr]^{p}w(x)\,dx $$\end{document}$$ *for every function* *f* *such that the left*-*hand side is finite*.

Lemma 3.4 {#FPar14}
---------

(\[[@CR13]\])

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(w_{1},\ldots,w_{m}) \in (A_{p_{1}},\ldots,A_{p_{m}})$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p_{1},\ldots,p_{m}< \infty $\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\theta_{1},\ldots,\theta_{m}<1$\end{document}$ *satisfying* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta_{1}+\cdots +\theta_{m}=1$\end{document}$, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w_{1}^{\theta_{1}}\cdots w _{m}^{\theta_{m}} \in A_{\max \{p_{1},\ldots,p_{m}\}} $\end{document}$.

Lemma 3.5 {#FPar15}
---------

(\[[@CR6]\])

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m\geq 2$\end{document}$, *T* *be an* *m*-*linear singular integral operator with generalized kernel defined by Definition * [1.1](#FPar1){ref-type="sec"} *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{k_{i}=1}^{\infty }C_{k_{i}}<\infty $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,\ldots,m$\end{document}$. *Suppose for fixed* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq r_{1},\ldots,r_{m}\leq q ^{\prime }$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1/r=1/r_{1}+\cdots +1/r_{m}$\end{document}$ *that* *T* *is bounded from* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{r_{1}}\times \cdots \times L^{r_{m}}$\end{document}$ *into* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{r,\infty }$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\delta <1/m $\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^{\sharp }_{\delta }\bigl(T(\vec{f})\bigr) (x)\leq C\prod _{j=1}^{m}M_{q'}(f_{j}) (x) $$\end{document}$$ *for all* *m*-*tuples* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vec{f}=(f_{1},\ldots,f_{m})$\end{document}$ *of bounded measurable functions with compact support*.

Lemma 3.6 {#FPar16}
---------

(\[[@CR8]\])

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega \in A_{p}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< p<\infty $\end{document}$, *there are* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega \in A_{r}$\end{document}$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r>p$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega \in A_{q}$\end{document}$ *for some* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< q< p$\end{document}$.

Lemma 3.7 {#FPar17}
---------

(\[[@CR6]\])

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m\geq 2$\end{document}$, *T* *be an* *m*-*linear singular integral operator with generalized kernel defined by Definition * [1.1](#FPar1){ref-type="sec"} *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{k_{i}=1}^{\infty }k_{i}C_{k_{i}}<\infty $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,\ldots,m$\end{document}$. *Suppose for fixed* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1/r=1/r_{1}+\cdots +1/r_{m}$\end{document}$ *that* *T* *is bounded from* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{r_{1}}\times \cdots \times L^{r_{m}}$\end{document}$ *into* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{r,\infty }$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{j}\in BMO$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$j=1,\ldots,m$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\delta <\frac{1}{m}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta <\varepsilon <\infty $\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q^{\prime }< s<\infty $\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^{\sharp }_{\delta }\bigl(T_{b_{j}}^{j}(\vec{f}) \bigr) (x)\leq C \Vert b_{j}\Vert _{BMO} \Biggl( M_{\varepsilon }\bigl(T(\vec{f})\bigr) (x) +\prod_{i=1}^{m} M_{s}(f_{i}) (x) \Biggr) $$\end{document}$$ *for all* *m*-*tuples* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vec{f}=(f_{1},\ldots,f_{m})$\end{document}$ *of bounded measurable functions with compact support*.

The above result can be obtained from the proof of Theorem [2.2](#FPar9){ref-type="sec"} in \[[@CR6]\].

Lemma 3.8 {#FPar18}
---------

(\[[@CR14]\])

*Suppose* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p(\cdot)\in \mathcal{P}(\mathbf{R}^{n})$\end{document}$. *M* *is bounded on* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$L^{p(\cdot)}( \mathbf{R}^{n})$\end{document}$ *if and only if for some* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$1< q_{0}<\infty $\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M_{q_{0}}$\end{document}$ *is bounded on* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{p(\cdot)}(\mathbf{R}^{n})$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M_{q_{0}}(f)=[M(\vert f\vert ^{q_{0}})]^{1/q_{0}} $\end{document}$.

Lemma 3.9 {#FPar19}
---------

(\[[@CR3]\])

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p(\cdot), p_{1}( \cdot), \ldots, p_{m}(\cdot)\in \mathcal{P}(\mathbf{R}^{n})$\end{document}$ *satisfying* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1/p(x)=1/p_{1}(x)+\cdots +1/p_{m}(x)$\end{document}$. *For any* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{j} \in L^{p_{j}(\cdot)}(\mathbf{R}^{n})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Biggl\Vert \prod_{j=1}^{m}f_{j} \Biggr\Vert _{L^{p(\cdot)}(\mathbf{R}^{n}) } \leq 2^{m-1}\prod _{j=1}^{m}\Vert f_{j}\Vert _{L^{p_{j}(\cdot)}(\mathbf{R} ^{n})}. $$\end{document}$$

Lemma 3.10 {#FPar20}
----------

(\[[@CR15]\])

*Given a family of ordered pairs of measurable functions* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{F}$\end{document}$, *for some fixed* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p_{0}<\infty $\end{document}$, *any* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(f,g)\in \mathcal{F}$\end{document}$ *and any* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{mathrsfs}
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$p(\cdot)\in \mathcal{P}(\mathbf{R}^{n})$\end{document}$ *satisfying* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{0}\leq p_{-}$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\frac{p(\cdot)}{p_{0}})'\in \mathcal{B}( \mathbf{R}^{n})$\end{document}$, *then there exists a constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C>0$\end{document}$ *such that for any* $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$\Vert f\Vert _{L^{p(\cdot)}(\mathbf{R}^{n})}\leq C \Vert g\Vert _{L^{p(\cdot)}(\mathbf{R}^{n})}$\end{document}$.

Lemma 3.11 {#FPar21}
----------

(\[[@CR14]\])
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                \begin{document}$p'(\cdot)\in \mathcal{B}(\mathbf{R}^{n})$\end{document}$.*For some* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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Proof of the main results {#Sec4}
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We will give the proof of the three theorems in the following article.

Proof of Theorem [2.1](#FPar8){ref-type="sec"} {#FPar23}
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                \begin{document} $$\begin{aligned} IV_{2} \leq & C \biggl( \frac{1}{\vert B\vert } \int_{B} \biggl( \int_{(16B)^{c}} \int_{16B} \bigl\vert K(z,y_{1},y_{2}) \bigr\vert \bigl\vert b_{1}(y_{1})-\lambda_{1} \bigr\vert \bigl\vert f_{1}(y_{1})\bigr\vert \bigl\vert b_{2}(y_{2})-\lambda_{2}\bigr\vert \\ &{}\times \bigl\vert f_{2}(y_{2})\bigr\vert \,dy_{1}\,dy_{2} \biggr)^{\delta }\,dz \biggr)^{\frac{1}{ \delta }} \\ \leq & C \biggl( \frac{1}{\vert B\vert } \int_{B} \biggl( \int_{(16B)^{c}} \biggl( \int_{16B} \bigl\vert b_{1}(y_{1})- \lambda_{1}\bigr\vert \bigl\vert f_{1}(y_{1}) \bigr\vert \,dy_{1} \biggr) \\ &{}\times \frac{\vert b_{2}(y_{2})-\lambda_{2}\vert \vert f_{2}(y_{2})\vert }{\vert z-y_{2}\vert ^{2n}}\,dy _{2} \biggr)^{\delta }\,dz \biggr)^{\frac{1}{\delta }} \\ \leq & C \biggl( \int_{16B} \bigl\vert b_{1}(y_{1})- \lambda_{1}\bigr\vert \bigl\vert f_{1}(y_{1}) \bigr\vert \,dy _{1} \biggr) \sum^{\infty }_{k=4} \int_{2^{k+1}B\backslash 2^{k}B} \frac{\vert b_{2}(y_{2})-\lambda_{2}\vert \vert f_{2}(y_{2})\vert }{\vert x_{0}-y_{2}\vert ^{2n}}\,dy_{2} \\ \leq & C \biggl( \frac{1}{\vert 16B\vert } \int_{16B} \bigl\vert b_{1}(y_{1})- \lambda_{1}\bigr\vert \bigl\vert f_{1}(y_{1}) \bigr\vert \,dy_{1} \biggr) \sum^{\infty }_{k=4} 2^{-kn} \frac{1}{\vert 2^{k+1}B\vert } \\ &{}\times \int_{2^{k+1}B}\bigl\vert b_{2}(y_{2})- \lambda_{2}\bigr\vert \bigl\vert f_{2}(y_{2}) \bigr\vert \,dy _{2} \\ \leq & C \biggl( \frac{1}{\vert 16B\vert } \int_{16B} \bigl\vert b_{1}(y_{1})- \lambda_{1}\bigr\vert ^{q}\,dy_{1} \biggr)^{\frac{1}{q}} \biggl( \frac{1}{\vert 16B\vert } \int_{16B}\bigl\vert f_{1}(y_{1})\bigr\vert ^{q'}\,dy_{1} \biggr) ^{ \frac{1}{q'}} \\ &{}\times \sum^{\infty }_{k=4} 2^{-kn} \biggl(\frac{1}{\vert 2^{k+1}B\vert } \int_{2^{k+1}B} \bigl\vert b_{2}(y_{2})- \lambda_{2}\bigr\vert ^{q}\,dy_{2} \biggr) ^{ \frac{1}{q}} \\ &{}\times \biggl(\frac{1}{\vert 2^{k+1}B\vert } \int_{2^{k+1}B} \bigl\vert f_{2}(y_{2})\bigr\vert ^{q'}\,dy_{2} \biggr) ^{\frac{1}{q'}} \\ \leq & C\Vert b_{1}\Vert _{BMO} \Vert b_{2}\Vert _{BMO} M_{q'}(f_{1}) (x) M_{q'}(f _{2}) (x) \sum^{\infty }_{k=4} 2^{-kn}k \\ \leq & C\Vert b_{1}\Vert _{BMO} \Vert b_{2}\Vert _{BMO} M_{s}(f_{1}) (x) M_{s}(f_{2}) (x). \end{aligned}$$ \end{document}$$
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                \begin{document}$$IV_{3}\leq C\Vert b_{1}\Vert _{BMO} \Vert b_{2}\Vert _{BMO} M_{s}(f_{1}) (x) M_{s}(f _{2}) (x). $$\end{document}$$
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} IV_{4} \leq & C \biggl(\frac{1}{\vert B\vert } \int_{B} \biggl( \int_{(16B)^{c}} \int_{(16B)^{c}} \bigl\vert K(z,y_{1},y_{2})-K(z_{0},y_{1},y_{2}) \bigr\vert \bigl\vert b_{1}(y_{1})-\lambda_{1} \bigr\vert \\ &{}\times \bigl\vert f_{1}(y_{1})\bigr\vert \bigl\vert b_{2}(y_{2})-\lambda_{2}\bigr\vert \bigl\vert f_{2}(y_{2})\bigr\vert \,dy _{1}\,dy_{2} \biggr)^{\delta }\,dz \biggr)^{\frac{1}{\delta }} \\ \leq & C \Biggl(\frac{1}{\vert B\vert } \int_{B} \Biggl( \sum_{k_{1}=1}^{\infty } \sum_{k_{2}=1}^{\infty } \int_{2^{k_{2}}\vert z-z_{0}\vert \leq \vert y_{2}-z_{0}\vert < 2^{k_{2}+1}\vert z-z_{0}\vert } \\ &{}\times \int_{2^{k_{1}}\vert z-z_{0}\vert \leq \vert y_{1}-z_{0}\vert < 2^{k_{1}+1} \vert z-z_{0}\vert } \bigl\vert K(z,y_{1},y_{2})-K(z_{0},y_{1},y_{2}) \bigr\vert \bigl\vert b_{1}(y_{1})-\lambda_{1} \bigr\vert \\ &{}\times \bigl\vert f_{1}(y_{1})\bigr\vert \bigl\vert b_{2}(y_{2})-\lambda_{2}\bigr\vert \bigl\vert f_{2}(y_{2})\bigr\vert \,dy _{1}\,dy_{2} \Biggr)^{\delta }\,dz \Biggr)^{\frac{1}{\delta }} \\ \leq & C \Biggl(\frac{1}{\vert B\vert } \int_{B} \Biggl( \sum_{k_{1}=1}^{\infty } \sum_{k_{2}=1}^{\infty } \int_{2^{k_{2}}\vert z-z_{0}\vert \leq \vert y_{2}-z_{0}\vert < 2^{k_{2}+1}\vert z-z_{0}\vert } \bigl\vert b_{2}(y_{2})- \lambda_{2}\bigr\vert \bigl\vert f_{2}(y_{2}) \bigr\vert \\ &{}\times \biggl( \int_{2^{k_{1}}\vert z-z_{0}\vert \leq \vert y_{1}-z_{0}\vert < 2^{k_{1}+1}\vert z-z_{0}\vert } \bigl\vert K(z,y_{1},y_{2})-K(z_{0},y_{1},y_{2}) \bigr\vert ^{q}\,dy_{1} \biggr)^{\frac{1}{q}} \\ &{}\times \biggl( \int_{2^{k_{1}+4}B} \bigl\vert b_{1}(y_{1})- \lambda_{1}\bigr\vert ^{q'} \bigl\vert f_{1}(y_{1})\bigr\vert ^{q'}\,dy_{1} \biggr)^{\frac{1}{q'}}\,dy_{2} \Biggr)^{\delta }\,dz \Biggr)^{\frac{1}{\delta }} \\ \leq & C \Biggl(\frac{1}{\vert B\vert } \int_{B} \Biggl( \sum_{k_{1}=1}^{\infty } \sum_{k_{2}=1}^{\infty } \biggl( \int_{2^{k_{1}+4}B} \bigl\vert b_{1}(y_{1})- \lambda_{1}\bigr\vert ^{q'} \bigl\vert f_{1}(y_{1})\bigr\vert ^{q'}\,dy_{1} \biggr)^{\frac{1}{q'}} \\ &{}\times \biggl( \int_{2^{k_{2}}\vert z-z_{0}\vert \leq \vert y_{2}-z_{0}\vert < 2^{k_{2}+1}\vert z-z_{0}\vert } \bigl\vert b_{2}(y_{2})- \lambda_{2}\bigr\vert ^{q'}\bigl\vert f_{2}(y_{2})\bigr\vert ^{q'}\,dy_{2} \biggr)^{ \frac{1}{q'}} \\ &{}\times \biggl( \int_{2^{k_{2}}\vert z-z_{0}\vert \leq \vert y_{2}-z_{0}\vert < 2^{k_{2}+1}\vert z-z_{0}\vert } \int_{2^{k_{1}}\vert z-z_{0}\vert \leq \vert y_{1}-z_{0}\vert < 2^{k_{1}+1}\vert z-z_{0}\vert } \bigl\vert K(z,y_{1},y_{2})\\ &{}-K(z_{0},y_{1},y_{2}) \bigr\vert ^{q}\,dy_{1}\,dy_{2} \biggr)^{\frac{1}{q}} \Biggr)^{\delta }\,dz \Biggr)^{\frac{1}{\delta }} \\ \leq & C \Biggl( \frac{1}{\vert B\vert } \int_{B} \Biggl( \sum_{k_{1}=1}^{\infty } \sum_{k_{2}=1}^{\infty } \biggl(\frac{1}{\vert 2^{k_{1}+4}B\vert } \int_{2^{k_{1}+4}B} \bigl\vert b_{1}(y_{1})- \lambda_{1}\bigr\vert ^{q'} \bigl\vert f_{1}(y_{1})\bigr\vert ^{q'}\,dy_{1} \biggr)^{\frac{1}{q'}} \\ &{}\times \biggl(\frac{1}{\vert 2^{k_{2}+4}B\vert } \int_{2^{k_{2}+4}B} \bigl\vert b_{2}(y_{2})- \lambda_{2}\bigr\vert ^{q'}\bigl\vert f_{2}(y_{2})\bigr\vert ^{q'}\,dy_{2} \biggr)^{\frac{1}{q'}} \bigl\vert 2^{k_{1}+4}B\bigr\vert ^{\frac{1}{q'}} \\ &{}\times \bigl\vert 2^{k_{2}+4}B\bigr\vert ^{\frac{1}{q'}} \vert z-z_{0}\vert ^{-\frac{2n}{q'}} C _{k_{1}}2^{-\frac{n}{q'}k_{1}} C_{k_{2}}2^{-\frac{n}{q'}k_{2}} \Biggr)^{ \delta }\,dz \Biggr)^{\frac{1}{\delta }} \\ \leq & C \Biggl( \frac{1}{\vert B\vert } \int_{B} \Biggl( \sum_{k_{1}=1}^{\infty } \sum_{k_{2}=1}^{\infty } \biggl(\frac{1}{\vert 2^{k_{1}+4}B\vert } \int_{2^{k_{1}+4}B} \bigl\vert b_{1}(y_{1})- \lambda_{1}\bigr\vert ^{q't'}\,dy_{1} \biggr)^{ \frac{1}{q't'}} \\ &{}\times \biggl(\frac{1}{\vert 2^{k_{1}+4}B\vert } \int_{2^{k_{1}+4}B} \bigl\vert f_{1}(y_{1})\bigr\vert ^{q't}\,dy_{1} \biggr)^{\frac{1}{q't}} \\ &{}\times \biggl(\frac{1}{\vert 2^{k_{2}+4}B\vert } \int_{2^{k_{2}+4}B} \bigl\vert b_{2}(y_{2})- \lambda_{2}\bigr\vert ^{q't'}\,dy_{2} \biggr)^{\frac{1}{q't'}} \\ &{}\times \biggl(\frac{1}{\vert 2^{k_{2}+4}B\vert } \int_{2^{k_{2}+4}B} \bigl\vert f_{2}(y_{2})\bigr\vert ^{q't}\,dy_{2} \biggr)^{\frac{1}{q't}} C_{k_{1}} C_{k_{2}} \Biggr)^{ \delta }\,dz \Biggr)^{\frac{1}{\delta }} \\ \leq & C \Vert b_{1}\Vert _{BMO} \Vert b_{2}\Vert _{BMO} M_{s}(f_{1}) (x) M_{s}(f_{2}) (x) \Biggl(\sum_{k_{1}=1}^{\infty }k_{1}C_{k_{1}} \Biggr) \Biggl(\sum_{k_{2}=1}^{\infty } k_{2}C_{k_{2}} \Biggr) \\ \leq & C \Vert b_{1}\Vert _{BMO} \Vert b_{2}\Vert _{BMO} M_{s}(f_{1}) (x) M_{s}(f_{2}) (x). \end{aligned}$$ \end{document}$$
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                \begin{document}$$IV\leq C \Vert b_{1}\Vert _{BMO} \Vert b_{2}\Vert _{BMO} M_{s}(f_{1}) (x) M_{s}(f_{2}) (x). $$\end{document}$$

Therefore, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& M^{\sharp }_{\delta }\bigl( T_{\Pi \vec{b}}(\vec{f})\bigr) (x) \\& \quad =M^{\sharp }\bigl( \bigl\vert T_{\Pi \vec{b}}(\vec{f})\bigr\vert ^{\delta }\bigr)^{\frac{1}{ \delta }}(x) \\& \quad \leq \sup_{B\ni x} \biggl( \frac{1}{\vert B\vert } \int_{B} \bigl\vert \bigl\vert T_{\Pi\vec{b}}(\vec{f}) (z)\bigr\vert ^{\delta }-\vert C_{0}\vert ^{\delta } \bigr\vert \,dz \biggr) ^{\frac{1}{ \delta }} \\& \quad \leq C \Vert b_{1}\Vert _{BMO} \Vert b_{2}\Vert _{BMO} \bigl( M_{s}(f_{1}) (x) M_{s}(f _{2}) (x)+M_{\varepsilon }\bigl(T(f_{1},f_{2}) \bigr) (x) \bigr) \\& \qquad {} + C \bigl(\Vert b_{1}\Vert _{BMO} M_{\varepsilon } \bigl(T_{b_{2}}^{2}(f_{1},f _{2})\bigr) (x)+\Vert b_{2}\Vert _{BMO} M_{\varepsilon } \bigl(T_{b_{1}}^{1}(f_{1},f_{2})\bigr) (x) \bigr), \end{aligned}$$ \end{document}$$ which completes the proof of Theorem [2.1](#FPar8){ref-type="sec"}. □

Proof of Theorem [2.2](#FPar9){ref-type="sec"} {#FPar24}
----------------------------------------------
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                \begin{document}$$\bigl\Vert M_{\varepsilon_{j}}\bigl(T(\vec{f})\bigr)\bigr\Vert _{L^{p}(w)} \leq C\bigl\Vert M^{\sharp }_{\varepsilon_{j}}\bigl(T( \vec{f})\bigr)\bigr\Vert _{L^{p}(w)} \leq C \Biggl\Vert \prod _{i=1}^{m} M_{q'}(f_{i}) \Biggr\Vert _{L^{p}(w)},\quad j=1,\ldots,m. $$\end{document}$$

By Theorem [2.1](#FPar8){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \bigl\Vert M^{\sharp }_{\delta }\bigl( T_{\Pi \vec{b}}(\vec{f}) \bigr)\bigr\Vert _{L^{p}(w)} \\& \quad \leq C \prod_{j=1}^{m} \Vert b_{j}\Vert _{BMO} \Biggl( \Biggl\Vert \prod _{k=1}^{m}M_{s}(f_{k}) \Biggr\Vert _{L^{p}(w)} +\bigl\Vert M_{\varepsilon_{1}} \bigl( T(\vec{f})\bigr) \bigr\Vert _{L^{p}(w)} \Biggr) \\& \qquad {} + C \sum_{j=1}^{m-1} \sum _{\sigma \in C^{m}_{j}} \prod_{i=1} ^{j} \Vert b_{\sigma (i)}\Vert _{BMO} \bigl\Vert M_{\varepsilon_{1}} \bigl( T_{\Pi \vec{b}_{\sigma '}}(\vec{f})\bigr)\bigr\Vert _{L^{p}(w)} \\& \quad \leq C \prod_{j=1}^{m} \Vert b_{j}\Vert _{BMO} \Biggl( \Biggl\Vert \prod _{k=1}^{m}M_{s}(f_{k}) \Biggr\Vert _{L^{p}(w)} +\bigl\Vert M_{\varepsilon_{1}} \bigl( T(\vec{f})\bigr) \bigr\Vert _{L^{p}(w)} \Biggr) \\& \qquad {} + C \sum_{j=1}^{m-1} \sum _{\sigma \in C^{m}_{j}} \prod_{i=1} ^{j} \Vert b_{\sigma (i)}\Vert _{BMO} \bigl\Vert M^{\sharp }_{\varepsilon_{1}} \bigl( T_{\Pi \vec{b}_{\sigma '}}(\vec{f})\bigr)\bigr\Vert _{L^{p}(w)}. \end{aligned}$$ \end{document}$$
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